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1. A brief introduction to Hofer’s geometry
In this section, Hofer’s geometry is recalled brieﬂy.
Let Tn = Rn/Zn be the n-torus and T ∗Tn be the cotangent bundle with canonical symplectic form
ω0 = dλ, here, and in the following, λ denotes the Liouville form. We use (q, p) to denote the local
coordinates of T ∗Tn , here q ∈ Tn and p ∈ T ∗qTn . Hence, λ may be expressed as pdq. We denote the
unit ball bundle of Tn by B∗Tn , that is, B∗Tn = {(q, p) | |p| 1}, here | · | is induced by the standard
metric on Tn . We denote by H the set of all smooth (at least C2) time 1-periodic Hamiltonians
H(q, p, t) : B∗Tn ×T → R
(here T = R/Z denotes the 1-torus) which satisfy the following conditions: for every H ∈ H,
(1) H vanishes on the boundary of B∗Tn (denoted by ∂B∗Tn), i.e., H(q, p, t) = 0 whenever |p| = 1;
(2) H admits a smooth extension H˜ : T ∗Tn × T → R which is only a function of t and |p|2 outside
B∗Tn ×T.
In this article, φH denotes the Hamilton ﬂow generated by Hamiltonian H , and φtH denotes the
time t-map of the Hamilton ﬂow φH . If φ = φ1H , then we also say that φ is generated by Hamiltonian
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B∗Tn × T (i.e., the solutions of Hamilton equation are deﬁned on R) and ∂B∗Tn × T is invariant
under the Hamiltonian ﬂow φH .
Let
D := {φ : B∗Tn → B∗Tn ∣∣ φ = φ1H for some H ∈ H},
and D is called Hamiltonian diffeomorphism group.
A Hamiltonian H ∈ H deﬁnes a path t → φtH in the diffeomorphism group D. In this article, the
length of this path is deﬁned by
l(H) :=
∫
T
Osc Ht dt,
here Ht = H(·, t) : B∗T → Rn and Osc Ht := max Ht −min Ht denotes the oscillation of Ht .
If φ ∈ D, set d(id, φ) = inf{l(H) | H ∈ H, φ = φ1H } and it is called Hofer distance of φ from iden-
tity [7]. Given any H ∈ H, the set
σc(H) :=
{∫
Γ
λ − H dt
∣∣∣ Γ is contractible 1-periodic orbit of the ﬂow φH
}
is called the contractible action spectrum of H .
The Hamiltonian is called convex, if ∂
2H
∂p2
> 0 for any (q, p, t) ∈ B∗Tn × T. If a Hamiltonian diffeo-
morphism is generated by a convex Hamiltonian, then we say that this Hamiltonian diffeomorphism
is convex. The following proposition [13] is a slight generalization of a result [2].
Proposition 1. Suppose φ is generated by a convex Hamiltonian H ∈ H, then d(id, φ) infσc(H) > 0.
The asymptotic distance (introduced in [3]) from the identity to an element φ ∈ D is deﬁned as
d∞(id, φ) = lim
n→∞
1
n
d
(
id, φn
)
.
2. Relation with Mather’s minimal action theory
Let H : B∗Tn × T → R be a convex Hamiltonian in H, then it is elementary to show that there
exists a smooth convex extension (if H is real analytic, we will use C∞ extensions) H˜ : T ∗Tn ×T → R
of H such that H˜ is a function of t and |p|2 outside B∗Tn and has superlinear growth (i.e., for any
(q, t) ∈ Tn ×T, H˜(q,p,t)|p| → +∞ as |p| → +∞). Now we consider the related (by Legendre transforma-
tion) Lagrangian L˜ : TTn × T → R (here TTn denotes the tangent bundle of Tn , and we use (q, q˙) to
denote the local coordinates, q ∈ Tn and q˙ ∈ TqTn), i.e.,
L˜(q, q˙, t) = pq˙ − H˜, q˙ = ∂ H˜
∂q˙
.
Hence, Mather’s α-function and β-function [10] (both two functions are called Mather’s minimal
action functions) is well deﬁned for Lagrangian L˜. More precisely,
βL˜(ω) = min[μ]=ω
∫
L˜ dμ,
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grangian L˜) Borel probability measure in the extended phase space TTn × T with ∫ L˜ dμ < +∞,
[μ] ∈ H1(Tn,R) denotes the rotation vector of μ deﬁned by
〈[μ], [η]Tn 〉+ [η]T =
∫
ηdμ
for any closed 1-form η on Tn ×T, here
[η] = ([η]Tn , [η]T) ∈ H1(Tn ×T,R)= H1(Tn,R)×R
denotes the ﬁrst de Rham cohomology class of η, and 〈·,·〉 denotes the canonical pair between the
cohomology and the homology. The convex conjugate of the β-function is called α-function, i.e., α is
a function on H1(Tn,R) deﬁned by
αL˜(c) = − minω∈H1(Tn,R)
(
βL˜(ω) − 〈c,ω〉
)
.
Since L˜ is uniquely determined by H˜ , we may also denote these two functions by βH˜ (ω) and αH˜ (c)
for convenience. Siburg [12,13] proved the following
Proposition 2. The value βH˜ (0) is independent of the particular extension H˜ .
Hence, the value βH (0) is well deﬁned. Moreover, Siburg [12,13] also proved the following
Proposition 3. Suppose φ ∈ D is generated by a convex Hamiltonian H ∈ H. Then d∞(id, φ) βH (0).
Based on this proposition, Siburg [13] posed the following open problem:
Open problem: Whether is it true that d∞(id, φ) = βH (0)?
In this article, we will construct an example of convex Hamiltonian H ∈ H, where d∞(id, φ1H ) >
βH (0). Hence, the problem is answered negatively.
To state our example, we need the notion of Aubry set, which is introduced by Mather [10,11].
For Lagrangian L˜ (which satisﬁes Mather’s conditions: positive deﬁniteness, superlinear growth, and
completeness [10,11]), let
h
(
(q1, τ1), (q2, τ2)
)= lim
T→∞ infγ
∫ (
L˜ + αL˜(0)
)(
γ (t), γ˙ (t), t mod 1
)
dt,
where the inﬁmum is taken over all absolutely continuous curves with γ (t1) = q1, γ (t2) = q2 and
t1 = τ1( mod 1), t2 = τ2( mod 1), t2 − t1  T . Let
ρ
(
(q1, τ1), (q2, τ2)
)= h((q1, τ1), (q2, τ2))+ h((q2, τ2), (q1, τ1)).
Let A = {(q, τ ) ∈ Tn × T | ρ((q, τ ), (q, τ )) = 0}. In Mather’s theory, A is called projected Aubry set
(associated to cohomology class 0). Let A˙ denote the Aubry set, i.e.,
A˙ =
{
(q, q˙, τ ):
t2∫
t1
(
L˜ + α(0))φt
L˜
(q, q˙, τ )dt = −h((q2, τ2), (q1, τ1)) for any t1  t2 ∈ R
}
,
here φt
L˜
denotes the Euler–Lagrange ﬂow associated to Lagrangian L˜, π ◦ φt1
L˜
(q, q˙, τ ) = (q1, τ1) and
π ◦ φt2
L˜
(q, q˙, τ ) = (q2, τ2) (here π denotes the canonical projection of TTn × T → Tn × T). Then
π : A˙ → A is a bi-Lipschitz homeomorphism.
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The conﬁguration space we consider is the n-torus Tn (n 2), endowed with the standard metric.
Let V be a C∞ vector ﬁeld on Tn . We assume that there exist two non-contractible closed orbits
γ1(t) and γ2(t) for the ﬂow φV generated by vector ﬁeld V . Moreover, we assume that their rotation
vectors are converse, that is,
∫
γ1
η′ = − ∫γ2 η′ for any closed 1-form η′ on Tn .
Now we consider the Lagrangian L0 : TTn ×T(= Tn ×Rn ×T) → R of the following type:
L0(q, q˙, t) = 1
2
∣∣∣∣q˙ − 1k V (q)
∣∣∣∣
2
+ U (q, t) + 1
2
,
here q ∈ Tn , q˙ ∈ TqTn , the positive integer k and the nonnegative potential function U (q, t) are to be
determined.
Obviously, the related (by Legendre transformation) Hamiltonian has the following form:
H0(q, p, t) = 1
2
(|p|2 − 1)+ 〈p, 1
k
V (q)
〉
− U (q, t),
here p = ∂L0
∂q˙ = q˙ − 1k V (q).
Now we modify Hamiltonian H0 to H˜ in the following way:
H˜(q, p, t) = 1
2
(|p|2 − 1)+ f (|p|2)(〈p, 1
k
V (q)
〉
− U (q, t)
)
,
here f : [0,∞) → [0,1] is a smooth function with f (s) = 1 if s 12 and f (s) = 0 if s 1.
By the deﬁnition of H˜ , to ensure that H˜ is convex with respect to the variable p, the following
two hypotheses are enough:
1. k ∈ Z+ is suﬃciently large.
2. maxU (q, t) is suﬃciently small (recall that we have assumed that U (q, t) 0).
In the following of this paper, we assume that these two hypotheses are satisﬁed and so H˜ is
a convex (with respect to the variable p) Hamiltonian on T ∗Tn × T. Note that H˜ has superlinear
growth. Moreover, H˜(q, p, t) = 0 when |p| = 1. Note that B∗Tn × T is an invariant set under the
ﬂow φH˜ . Let H(q, p, t) = H˜(q, p, t)|B∗Tn×T . Obviously, H ∈ H0, since H admits a smooth, convex ex-
tension H˜ : T ∗Tn ×T → R which is only a function of |p|2 outside B∗Tn ×T.
In our example, there is an extra hypothesis:
3. The function U : Tn ×T → R satisﬁes: U = 0 on the set
(
γ1(t), t mod 1
)∪ (γ2(t), t mod 1)
and U > 0 otherwise.
Clearly, the projected Aubry set (associated to the 0-cohomology class) A of L0 (or equiva-
lently, H0) is exactly the union of the two closed orbits, i.e., the set
(q, t) ∈ (γ1(t), t mod 1)∪ (γ2(t), t mod 1).
By a time re-parameterization, i.e., s = kt , we have
A˙ = (γ1(s), γ˙1(s), s mod 1)∪ (γ2(s), γ˙2(s), s mod 1),
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variable s by t for convenience. Note that A˙ supports an invariant probability measure (the so-called
minimal measure [10]) with 0-rotation vector, since rotation vectors of γ1 and γ2 are converse. Hence,
βH0 (0) = −αH0(0) = 12 , here the function βH0 denotes the β-function associated to the Hamiltonian
H0 (or equivalently, associated to the Lagrangian L0).
Note that the Hamiltonian H˜ is convex and has superlinear growth, so the Mather’s β-function βH˜
is also well deﬁned. Moreover, we have
Proposition 4. −αH˜ (0) = βH˜ (0) = 12 .
Before entering into the proof, we recall some fundamental results on viscosity subsolutions of
Hamilton–Jacobi equations. For a Hamiltonian H : T ∗Tn × T → R, we have the associated Hamilton–
Jacobi equations
∂tu + H(q, ∂qu, t) = d, (∗)
here d is any real constant. A function u : Tn × T → R is called a viscosity subsolution of Hamilton–
Jacobi equation (∗) if u satisﬁes the following condition: for every C1 function φ : Tn × T → R and
every point (q, t) ∈ Tn × T such that u − φ has a maximum at (q, t), we have ∂tφ + H(q, ∂qφ, t) d.
Clearly, a C1 function u is a viscosity subsolution if and only if ∂tφ + H(q, ∂qφ, t)  d for any point
(q, t) ∈ Tn × T. By weak KAM theory [4,6,8], viscosity subsolutions of Hamilton–Jacobi equation are
closely related to minimal orbits in Mather’s theory when the associated Hamiltonian is convex and
has superlinear growth.
Proof of Proposition 4. Note that u = 0 is a viscosity subsolution of the Hamilton–Jacobi equation
∂tu + H0(q, ∂qu, t) = −1
2
.
Since H˜(q, p, t) = H0(q, p, t) when |p|  12 , u = 0 is also a viscosity subsolution of the Hamilton–
Jacobi equation
∂tu + H˜(q, ∂qu, t) = −1
2
.
So βH˜ (0) = −minc∈H1(Tn,R) α(c)−α(0) 12 , since α(0) is inﬁmum of the set of constants d with
∂tu + H˜(q, ∂qu, t) = d
has viscosity subsolutions, by the weak KAM theory of time-periodic case [4,8]. On the other
hand, (γ1(t), γ˙1(t), t mod 1) and (γ2(t), γ˙2(t), t mod 1) are two closed orbits of L˜, here L˜
and H˜ are related by Legendre transformation. We denote the invariant probability measure sup-
ported on (γ1(t), γ˙1(t), t mod 1) by μ1, and the invariant probability measure supported on
(γ2(t), γ˙2(t), t mod 1) by μ2. Let μ0 = 12 (μ1 + μ2). Obviously, the rotation vector of μ0 is zero.
Clearly, we have
∫
L˜ dμ0 = 12 , since L˜ = L0 when it is restricted on the union of (γ1(t), γ˙1(t), t mod 1)
and (γ2(t), γ˙2(t), t mod 1). Hence βH˜ (0) = 12 . Moreover, by the fact that u = 0 is also a viscosity sub-
solution of the Hamilton–Jacobi equation
∂tu + H˜(q, ∂qu, t) = −1
2
,
it is also easy to see that αH˜ (0) = minc∈H1(Tn,R) αH˜ (c) = − 12 in our case. 
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we may say that this value depends only on the Hamilton H ∈ H and denoted by βH (0).
For a closed orbit Γ (t) = (γ (t), p(t)) of the ﬂow φH˜ , we denote the action
∫
Γ
λ − H˜ dt by A(Γ ).
Since H˜ is convex and has superlinear growth, we have that (γ (t), γ˙ (t), t mod 1) is a closed orbit of
the Euler–Lagrange ﬂow φL˜ and
A(Γ ) =
∫
L˜
(
γ (t), γ˙ (t), t mod 1
)
dt
(
 A(γ )
)
.
Denote infΓ A(Γ ) by A(n), here Γ ranges over all contractible n-periodic orbit of the ﬂow φH˜ . Ob-
viously, if we let Γ ranges over all contractible n-periodic orbit of the ﬂow φH in the deﬁnition of
A(n), we get the same inﬁmum.
Proposition 5. If φ is generated by a convex Hamiltonian H ∈ H, then
d∞(id, φ) inf
n∈Z+
1
n
A(n).
Proof. By the deﬁnition, d∞(id, φ) = limn→∞ 1nd(id, φn). Note that φn may be generated (as the time
1-map) by the Hamiltonian
H#n(q, p, t) = nH(q, p,nt).
By Proposition 1, d(id, φn) infσc(H#n). Note that Γ (t) = (γ (t), p(t)) is a contractible n-periodic orbit
of Hamilton ﬂow φH if and only if Γ ∗(t) = (γ (nt), p(nt)) is a contractible 1-periodic orbit of Hamilton
ﬂow φH#n . Note that
A#n(Γ
∗) =
∫
Γ ∗
λ − H#n dt
=
1∫
0
(
p(nt)γ˙ (nt) − H#n
(
γ (nt), p(nt), t
))
dt
=
n∫
0
(
p(t)γ˙ (t) − H(q(t), γ (t), t mod 1))dt
=
∫
Γ
λ − H dt
= A(Γ ),
here ˙= ddt . Hence, we have
σc(H#n) =
{
A(Γ ): Γ is contractible n-periodic orbit of H
}
.
It follows that
1
n
d
(
id, φn
)
 1
n
infσc(H#n)
1
n
A(n).
Note that 1nd(id, φ
n) is a non-increasing sequence, so the proposition follows. 
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Proposition 6. infn∈Z+ 1n A(n) >
1
2 = βH (0).
For a closed orbit (γ (t), γ˙ (t), t mod 1) of Euler–Lagrange ﬂow φL˜ , we denote the action∫ (
L˜ − 1
2
)(
γ (t), γ˙ (t), t
)
dt
by A′(ξ). Similarly, we deﬁne A′(n) = infγ A′(γ ), here γ ranges over all C1 closed curves such that
(γ (t), γ˙ (t), t mod 1) is a contractible n-periodic orbit of Euler–Lagrange ﬂow φL˜ . To prove Proposi-
tion 6, it is enough to show that
Proposition 7.
inf
n∈Z+
1
n
A′(n) > 0.
Note that in our case, β(0) = −α(0) = 12 . By Proposition 6, together with Proposition 5, we know
that the asymptotic distance from identity is strictly greater than β(0). Hence we need only to prove
Proposition 7.
Proof of Proposition 7. Clearly, for any contractible periodic orbit (γ (t), γ˙ (t), t mod 1) of the Euler–
Lagrange ﬂow φL˜ , we have A
′(γ ) > 0, since projected Aubry set
A = (γ1(t), t mod 1)∪ (γ2(t), t mod 1)
and γ1, γ2 are not contractible.
So, if infn∈Z+ 1n A
′(n) = 0, then there exists a sequence of contractible periodic orbits
(
ξi(t), ξ˙i(t), t mod 1
)
with period ni (i → ∞ when ni → ∞) such that 1ni A′(ξi) → 0. It is known that⋃(
ξi(t), ξ˙i(t), t mod 1
)
is relatively compact in TTn × T, since L˜ has superlinear growth. So by passing through the sub-
sequence if necessary, we may assume that the sequence (ξi(t), ξ˙i(t), t mod 1) is convergent in
the Hausdorff topology. We denote the limit by L˙. Hence, L˙ ⊂ A˙, here A˙ is the Aubry set associ-
ated to the cohomology class 0, since α(0) = − 12 . Moreover, L˙ is connected and invariant under the
ﬂow φL˜ , since (ξi(t), ξ˙i(t), t mod 1) is connected and invariant under the ﬂow φL˜ for each i. Note
that (ξi(t), ξ˙i(t), t mod 1) is contractible for each i, the rotation vector of the invariant probability
measure supported on (ξi(t), ξ˙i(t), t mod 1) is zero. Hence the limit measure should also have the
rotation vector zero, so
L˙ = (γ1(t), γ˙1(t), t mod 1)∪ (γ2(t), γ˙2(t), t mod 1).
But it contradicts to the fact that L˙ is connected. The contradiction shows that
inf
n∈Z+
1
n
A′(n) > 0. 
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4. A generalization
By a slight generalization, we can answer the following problem negatively:
Problem. For any convex Hamiltonian diffeomorphism φ ∈ D, is it true that
d∞(id, φ) = sup
H
βH (0),
where H ranges over all convex Hamiltonians in H such that φ1H = φ?
Proposition 8. There exists a Hamiltonian diffeomorphism φ ∈ D, such that
d∞(id, φ) > sup
H
βH (0),
where H ranges over all convex Hamiltonians in H such that φ1H = φ .
To prove this proposition, we only need to show that
Lemma. Let H1, H2 ∈ H be any two convex Hamiltonians with φ1H1 = φ1H2 = φ , then βH1 (0) = βH2 (0).
Proof. For any invariant (under the Hamiltonian diffeomorphism φ) Borel probability measure μ on
B∗Tn , let AH (μ) =
∫
B∗Tn dμ(q, p)
∫
Γq,p
λ − H dt , here Γ (q, p) is the Hamiltonian trajectory generated
by Hamiltonian ﬂow φH between t = 0 and t = 1, starting at (q, p). By a nice exposition [9],
AH1 (μ) − AH2(μ) = C
for any invariant measure of μ (with respect to the Hamiltonian diffeomorphism φ), here H1 and
H2 are two convex Hamiltonians in H and φ1H1 = φ1H2 = φ, C is a constant which is independent
of invariant measure μ. Note that the boundary of B∗Tn (i.e., the set {(q, p): |p| = 1}) is a compact
invariant subset under the diffeomorphism φ. We recall that H vanishes on the boundary of B∗Tn , for
any Hamiltonian H ∈ H. Hence, for any invariant measure (under the Hamiltonian diffeomorphism φ)
supported on the boundary of B∗Tn , we have AH1(μ) = AH2(μ) for any Hamiltonians H1, H2 ∈ H and
φ1H1
= φ2H2 = φ. So the constant C in the above formula must be zero and consequently, AH1(μ) =
AH2 (μ) for any φ-invariant measure μ. By the deﬁnition of β function, we know that βH1 (0) = βH2 (0)
in the case that H1, H2 are convex Hamiltonians in H and φ1H1 = φ1H2 = φ. 
This lemma, together with the example in Section 3, shows that Proposition 8 is true.
Remark. When I submitted this paper, I was not aware of whether Proposition 8 is true. After the
submission, I realized that βH (0) is independent of Hamiltonian H such that φ1H = φ, by the above
method. It follows that Proposition 8 holds. An anonymous referee also pointed out that this fact
follows from symplectic homogenization theory of Viterbo [14] and the work of Bernard [1]. The
referee also pointed out that Hofer’s distance may not be the right thing to look at if one wants an
equality and Viterbo’s distance might do the trick.
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